Quantum walk on the line with quantum rings 
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We propose a scheme to implement tiie one-dimensional coined quantum walk with electrons 
transported through a two-dimensional network of spintronic semiconductor quantum rings. The 
coin degree of freedom is represented by the spin of the electron, while the discrete position of the 
walker corresponds to the label of the rings in one of the spatial directions in the network. We 
assume that Rashba-type spin-orbit interaction is present in the rings, the strength of which can 
be tuned by an external electric field. The geometry of the device, together with the appropriate 
spin-orbit interaction strengths, ensure the realization of the coin-toss (i.e. spin-flip) and the step 
operator. 
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I. INTRODUCTION 

Quantum walksi (QWs) are generalizations of classi- 
cal random walks to quantum systems. For reviews on 
quantum walks see Refs. [3 and[3- The unitary time evo- 
lution of the walk can be either discrete^i^ leading to 
coined QWs or continuousii^ Recently, quantum walks 
have been shown to be efficient tools to design quantum 
algorithms. ^'^^ Coined QWs were applied in the first al- 
gorithmic proposal^ ^ for the quantum walk search on a 
hypercube. 

Several experimental schemes have been proposed to 
realize coined QWs including ion traps microwave 
cavitieSfi^ cavity quantum electrodynamics^ supercon- 
ducting quantum electrodynamics,Ji^ arrays of optical 
trapSfi^ ground state atoms^'' and ultracold Rydberg 
atomsi^ in optical lattices, linear opticS )^^i^°'^^i^^'^'^i^^ 
Bose-Einstein condensation)^^ coherent atomic system 
with electromagnetically induced transparency^ and in 
a Fabry-Perot cavity;^ An experimental implementation 
of a continuous time QW on a two-qubit NMR quan- 
tum computer— has already been carried out. In another 
experiment waveguide lattices were employed to realize 
continuous time quantum walks .^^ Up to now there is no 
experimental realization of QWs in solid-state systems. 
Implementation of the continuous time walk has been 
proposed with tunnel coupled quantum dots,-^ whereas 
in the proposal of Ref. Isi] electrons in lateral quantum 
dots would realize the step operator of a quantum walk. 
In another proposal;^ stimulated Raman adiabatic pas- 
sage operations are applied to an electron in a quantum 
dot to realize the coined quantum walk on the line. 

In this paper we consider a possible scheme for the 
implementation of a coined QW on the line, based on 
the ballistic transport of an electron through a two- 
dimensional series of semiconductor quantum rings. The 
spin of the electron plays the role of the coin, and its po- 
sition in one of the spatial directions corresponds to the 
position of the walker along the line. The shift along the 
perpendicular spatial direction can be considered as the 



discrete timc-stcps. 

Quantum rings, '^'^ which arc the building blocks of 
our proposal are nanoscale rings, fabricated in semicon- 
ductor heterostructures, such as InGaAs/ InAlAs^i^^ or 
HgTe/HgCdTe^^ where the control of the electron spin 
is possible due to e.g. spin-orbit interaction (SOI), and 
quantum interference. A widely studied type of SOI 
in such heterostructures is the so-called Rashba SOI)22 
which originates from the structural inversion asymmetry 
of the interface confining potential that is accompanied 
by an electric field directed along the normal of the in- 
terface, coupling the electron spin and orbital motioni^ 
This type of SOI has gained much interest due to its 
tunability with external gate voltageSj^^"'**' offering pos- 
sible applications in semiconductor spin electronics, or 
spintronics.^^ 

Quantum rings with Rashba-type SOI have been 
shown to have versatile applicability. A large variety of 
single-qubit quantum gates can be realized by quantum 
rings connected with two external leads,<i^ where the spin 
of the electron plays the role of the qubit. Quantum rings 
with three terminals can be used as electron spin beam 
splitters, i.e., to polarize the spin of the electron on the 
outputs with different spin directions .^'^ Two-dimensional 
arrays of quantum rings^li^^ also show nontrivial spin 
transformations at the outputs of the network.— 

We focus on narrow rings in the ballistic (coherent) 
regimej^i^ where a one-dimensional model provides ap- 
propriate description. We propose a two-dimensional 
network of such two- and three-terminal rings of appro- 
priate size and externally tunable Rashba SOI strength 
for the implementation of the coined QW on the line. We 
show that with appropriately chosen parameters, one can 
achieve reflectionless operation which is necessary for the 
unitarity of the walk. 

In usual experimental situations when ballistic prop- 
erties are investigated, the current is initiated by a po- 
tential difference on the two sides of the sample with 
metallic contacts. In order to achieve the highest possi- 
ble coherence length, experiments are carried out at very 
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low temperatures (few hundred mK). The conduction is 
due to electrons with energies very close to the Fermi 
energy of the material, i.e., the problem can be consid- 
ered a stationary one. The spin state of the electrons 
originating from the metallic contact is generally not a 
pure quantum mechanical state, it is a mixture. How- 
ever, this means no significant restriction, as their spin 
can be made polarized by eg. a three-terminal quantum 
ring 4^ 

The paper is organized as follows. In Sec. [IT] we give 
a short overview of the model of the coined QW on the 
line. In Sec. IIIII we present the functional unit of the 
scheme: we start with the model we use in Sec. IIII A[ 
then in Sec. IIII B( we show the ring that performs the 
coin-toss, and then, in Sec. IIII Ci the ring, which is re- 
sponsible for the step operation. In Sec. IIVI we show, 
how a three-terminal ring can be used to ensure interfer- 
ence at intermediary positions in the network. In SecfVl 
we present the proposed scheme to implement the coined 
QW with quantum rings. Finally, we summarize our re- 
suhs in Sec. Ell 



II. 



THE COINED QUANTUM WALK ON THE 
LINE 



In the classical random walk on the line, the walker 
tosses a coin before each step. The direction of the step is 
determined by the actual state of the coin, i.e., the walker 
takes a step to the left if the coin is heads or to the right 
if the coin is tails (or vice versa). The quantum analog of 
such a walk uses a quantum coin, the state of which can 
be a linear combination of the classical heads and tails, 
or mathematically, any state of a 'coin' Hilbert space 
He, spanned by the two basis states , where L 
(R) stand for 'left' ('right'). The positions of the walker 
also span a Hilbert space Tip = : i G Z} with \i) 
corresponding to the walker localized in position i. The 
states of the total system are in the space Ti, — Tic^'Hp. 
The conditional step of the walker dependent on the state 
of the coin, can be described by the unitary operation 



(1) 



The coin-toss is realized by a unitary operation C acting 
in the space Tic- The QW of N steps is defined as the 
transformation , where U, acting on H = TLc ® 'Hp 
is given by 



U = S-{C®I), 



(2) 



with / being the identity operator. A frequently used 
balanced unitary coin is the Hadamard coin H, which is 
represented by a matrix in which each element is of equal 
magnitude. 

In the QW the coin state is not measured during in- 
termediate iterations, thus quantum correlations between 
different positions are kept, leading to interference in sub- 
sequent steps. We note that this interference causes a 



radically different behavior from that of the classical ran- 
dom walk. In particular, the probability distribution of 
the walk on the line does not approach a Gaussian - 
it leads to a double-peaked distribution - and the vari- 
ance cr^ is not linear in the number of steps N , it scales 
with N"^ , which implies that the expected distance 
from the origin is of order a ^ N, i.e. the quantum walk 
propagates quadratically faster than the classical random 
walk. This property is at the heart of algorithmic appli- 
cations. 

In our proposal, the walker is the electron, which is 
transported through a two-dimensional network of quan- 
tum rings. The coin states are represented 
by appropriate orthogonal states of the electron spin, 
while the Hilbert-space Tip is characterized by the dis- 
crete positions of the electron in one spatial direction in 
the network. In the following sections we will show, that 
quantum rings with appropriate radius and SOI strength 
act essentially as the unitary transformations H and S. 
Namely, a ring connected with two leads acts essentially 
as the Hadamard operation iJ, while a totally symmetric 
three-terminal ring can implement the step operation S 
given by Eq. ([T]). These rings together (which we will 
call a functional unit) act as the unitary transformation 
{/, given by Eq. ([2]). We note that this kind of operation 
of the network is based on the fact that practically zero 
reflection can be ensured at each individual ring, by ap- 
propriately choosing the strength of the Rashba SOI and 
the geometry. If considerable reflections were present in 
the network, the state of the walker would spread out in 
two-dimensions, and the analogy with the model of the 
QW could not be made. 



III. THE FUNCTIONAL UNIT OF THE 
SCHEME 

In this section we propose two- and three-terminal 
rings to be building blocks of the QW scheme, and intro- 
duce the unit, which implements a single step of the QW 
with a Hadamard coin. It consists of a two-terminal ring 
realizing the Hadamard transformation (Hadamard-ring) 
and a subsequent three-terminal ring which performs the 
step operation (step- ring). 



A. The model of quantum rings 

We consider a narrow ring of radius a situated in the 
X — y plane. The Hamiltonian in single-electron picture, 
in the presence of Rashba SOI is given by^"^ 



, (3) 



where if is the azimuthal angle of a point on the ring, 
hfl = /2m*a? is the dimensionless kinetic energy. 
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with m* denoting the effective mass of the electron, and 
uj = a/ Ha is the frequency associated with the SOI, which 
can be changed by an external gate voltage that tunes 
the value of The energy eigenvalues and the corre- 
sponding eigenstates of this Hamiltonian can be calcu- 
lated analytically .'*^''*^ For a ring with leads attached to 
it, the spectrum is continuous; all positive energies can 
appear, and they are 4-fold degenerate. This degener- 
acy is related to (i) two possible eigenspinor orientations 
and to (ii) the two possible (clockwise and anticlockwise) 
directions in which currents can flow. The state of the 
incoming electron is considered to be a plane wave with 
wavenumber k. By energy conservation, its energy (given 
hy E — h^k"^ /2m*) determines the solutions in the rings. 
At the incoming lead - ring, and the outgoing leads - ring 
junctions (see Fig. [T]), Griffith's boundary conditions'*^ 
are applied; that is, the net spin current density at a 
certain junction has to vanish, and we also require the 
continuity of the spinor valued wave functions. (We note 
that there are other frequently used boundary conditions 
as well )^"'^* they are usually based on detailed physi- 
cal description of the junctions, e.g. the non-ideality of 
the couplings.) The solution of the scattering problem 
in two- and three-terminal rings with one input has been 
investigated in Refs. .43,47, 52 and for a general bound- 
ary condition in Ref. 44. For the sake of completeness, 
these results are summarized in the Appendix. 



B. The Hadamard ring 

In this section we consider the quantum ring, which 
implements the Hadamard coin-toss H . As it has been 
shown in Ref. 42, a two-terminal ring acts as a linear 
transformation on the spin state of the electron (see Eq. 
(fTi)) of the Appendix). When the parameter w/il char- 
acterizing the strength of the Rashba SOI is equal to — 1 
in a ring in which the two terminals are in a diametri- 
cal position (see Fig. [1] without lead 2, and 7I = tt) and 
there is only one input (i.e. /i = 0), the spin state ri 
of the transmitted electron is essentially the Hadamard 
transform of the incoming spinor, i.e. the transmission 
matrix corresponding to the ring is given by^ 

where 

Sikaq ^ ■ / ^\ 

c = — - — sm (qTr) sm y^'^J i 

and 

y — /c^a^ [1 — cos (2g7r)] + 4ifca(7sin (2(77r) 
— 4^^ [cos (wtt) + cos {2q-K)\ , 



with u; = -y/l + [ujj^f and g -J {wimf fc2a2. 



In the most general case the transmission efficiency of 
the quantum ring is less than 1, i.e. there is a nonzero 
probability for the electron to be reflected into the ter- 
minal through which it enters the ring. In order for the 
Hadamard ring to operate in a unitary way, the trans- 
mission probability |c|^ has to be equal to unity, which 
can be given by the following condition: 

k^c? sin^ (g7r) = [cos (wtt) -|- cos (2g7r)] . (5) 

This condition can be satisfied for an appropriate radius 
of the ring as can be seen in Fig. 2 of Ref. |42. We note 
that the wave number k of the electron is determined by 
the Fermi level of the semiconducting material in which 
the quantum ring is fabricated. For InGaAs the Fermi 
energy is 11.13 meV, corresponding to kpa = 20.4 for a 
ring of radius 0.25 /xm. For the sake of definiteness we 
are going to focus on this material. 



C. The step ring 

For the step operation to be implemented we use a 
three-terminal ring which has only one input lead and two 
output leads, and the leads are equally separated from 
each other (i.e. 71 = 27r/3, 72 = 47r/3, /i = and /2 = 
in Fig. [1]). The outgoing spinors r\ and are linear 
transforms of the incoming spinor /, the transformations 
being given by Eqs. p3|) and respectively. 

In the following we will recall the previously obtained 
result,—!^ that a totally symmetric ring, which is shown 
in Fig. [U can be considered an electron spin polarizer 
(the derivation of this property is summarized in the Ap- 
pendix). In other words, there are two orthogonal input 
spin states, for one of which, there is no output in lead 1, 
while for the other, there is no output in lead 2. We will 
show, that we can take advantage of this property if we 
choose to define the coin states to be these states, and 
thus obtain a ring which performs the step operation. 




FIG. 1: Three-terminal ring with the most general boundary 
condition. /, r, etc. denote two-component spinors, the ar- 
rows indicate the direction of the corresponding wave number. 
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As derived in Refs. |4j, [S^, and in the Appendix, if the 
equations 



cos (wtt) 
sin (wn) 



( 27r 
2 cos U— 

ka ( 27r 
— sm q— 
q V 3 



(6a) 
(6b) 



are satisfied simultaneously then the ring polarizes a to- 
tally unpolarized input, given by the density matrix p, 
proportional to the identitiy. The polarized spinors exit- 
ing at the two outputs 



101 



e 3 cos ; 



102 



e 3 sm : 



(7) 



are the eigenstates with nonzero eigenvalues ?7„ of the 
output density matrices p„ = ^^^(Tn)^ {n = 1, 2), where 

Tn are given by Eqs. ([23|) of the Appendix. The cor- 
responding eigenvalues, which describe the transmission 
probability in the outputs are 



m = m 



128fc4a4q2 sin^ (q^) 



(8) 



where 

y = 



[cos (wtt) + cos (2g7r)] — I2ikaq^ sin (2g7r) 
27r' 



+&k^a^q 
+ik^a^ 



cos (2g7r) — cos [ q 
27r 



3 sin q 



3 

sin {2qTr) 



(9) 



If we determine the spinors (n ~ 1,2) annuled by 



the transmission matrices T„ 



cos : 

sin ' 



— sm : 



(10) 



then it can easily be seen, that if the input state is the 
|0i) (|02)) pure state, then the transmission into output 
lead 1 (2) will be zero, while the spin direction of the 
output in lead 2 (1) will be given by \(p2) (|0i)), i-e.: 



\(f>2) in lead 2 

no output in lead 1 

no output in lead 2 
1 01) in lead 1 



(11) 



These -orthogonal- input states are suitable to repre- 
sent the coin states {\L) , \R)} in the QW as they form a 
basis in the two-dimensional space of the electron spin, 
and the polarizing three-terminal ring acts on them as 
the step operator in the QW: if the input spin (coin) 
state is |0i) (|02)) the electron is transmitted into the 
output lead 2 (1), i.e. the walker 'takes a step to the left 
(right)'. The change in the spin direction at the outputs 
given by Eq. ([7]) means that the states {(pi) and |(/)2) 



are rotated versions of the two orthogonal inputs |02) 
and |0i), respectively, where the rotation is around the 
z-axis by the angle of the given output lead. As we will 
see in the following, these rotations can be reversed by 
the application of appropriate rings. 

In order for the transformation to be unitary the step- 
ring also has to be reflectionless, that is the transmission 
probabilities into the two outputs given by Eq. ([5]) should 
be equal to unity, i.e. ?7i = ?72 = 1/2. It can be easily 
verified that this condition can be formulated by the fol- 
lowing equations 



27r' 



2n 



fc a sin (g— )cos [q— ] +q [cos (w7r)+cos {2qTr)] = 0, 

(12a) 



fc^a^sin^ 



2n 



-(?^sin(297r) = 0. 



(12b) 



which, for an appropriate combination of the parameters 
{a,uj/ft, 72} can be satisfied together with Eqs. (l6a|) and 
(j6bp as can be seen in Fig. [2] for the experimentally fea- 
sible range of the parameters. 



ka 




FIG. 2: (Color online) Determination of the parameter val- 
ues corresponding to the step ring: Eqs. (|6a|l and (|6b[l are 
satisfied along the blue (dotted) and grey (dashdotted) lines, 
respectively, while Eqs. (|12ap and (I12b|l are satisfied along the 
red (solid) and green (dashed) lines, respectively. At the inter- 
section of these four curves the totally symmetric (71 = 27r/3, 
72 — 47r/3) three-terminal ring behaves as a perfect polarizing 
device with practically zero reflection, i.e. as the step ring. 

In order to use the same building blocks (i.e. the 
Hadamard ring and the step ring again) for later steps, 
the rotations on the basis states introduced by the step 
ring need to be removed. This can be done eg. by 
the application of two two-terminal rings which act as 



f (1) = and 



27r/3 



U, 



47r/3 



where 



e 2 



(13) 
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Although these conditions can be fullfilled if 7 = 47r/3, 
and 7 — 27r/3, respectively, the radius of the rings can- 
not by made equal to that of the step ring, which does 
not permit the simple attachment of successive building 
blocks. We will show in the following section, that three- 
terminal rings of the same size as the step ring with an 
appropriate SOI strength, can also rotate the spin states 
in the desired way, as well as allow of the continuation of 
the units. 



IV. INTERFERENCE AT INTERMEDIARY 
POSITIONS 

Clearly, the functional units have to be combined so 
that the walker can arrive in any intermediate point on 
the 'line of the walk' from two directions, i.e., interfer- 
ence phenomena can take place. In order to implement 
this crucial property of the QW, we use another quan- 
tum ring, which is capable of adding the two probabilty 
amplitudes that both represent the walker at the given 
point on the 'line of the walk', as well as rotating the 
spins back into the basis states and j^i^)- Now we 
show, that this can be done with a completely symmetric 
three-terminal ring which has the same radius as the step 
ring, and in which the magnitude of the SOI strength is 
the same, but its direction is opposite. 

If two leads of a symmetric, three-terminal ring arc 
considered as inputs and the other terminal as an output 
(see Fig. [T] with / = 0), the matrices of the one- input 
case, given by Eqs. (fT5|) and are enough to handle 
the problem4i Namely, we can consider the two inputs 
/i (i = 1, 2) separately, and determine the corresponding 
matrices. The outputs in each terminal in the superposed 
problem will consist of contributions from both inputs. 
Considering fi (/2) as the only input, the transmission 
matrices in the reference frame of /i (/2) are the same 
as those for the input /, given by Eqs. and PB|1 . 

In order to get the contributions to the output spinors 
(r, ri , for the input fi {J2) in the reference frame of r, 
the matrices need to be rotated by the angle of 71 = 27r/3 
(72 = 47r/3). Furthermore, since we have considered a 
propagation of the electron from the left to the right, the 
symmetric three-terminal ring we want to use to add the 
two (spin-dependent) probability amplitudes has to be 
rotated by an angle of tt with respect to Fig. [TJ This 
means an additional rotation of each matrix by tt. 

If the radius of the above mentioned ring is the same 
as that of the step-ring, and the applied SOI strength 
(u;/r2) is of the same magnitude, but opposite direction 
(in which case the polarization condition given by Eq. 
([5]), and the condition for zero reflection of the input, 
given by Eq. also hold), then by using Eqs. (^5]) 

of the Appendix, it can easily be shown that zero reflec- 
tion in the two input arms without any transmission from 
one input lead into the other (i.e. ri — r2 — 0) is au- 
tomatically guaranteed. Additionally, the probability of 
transmission from the two inputs into the output is the 




FIG. 3: (Color online) The geometry of the functional unit 
of the scheme, where the rotations introduced by the step 
ring are removed by symmetric three-terminal rings of the 
same size as the step ring, but with opposite SOI strength. 
The colors indicate the value of the SOI strength (lu/Q): light 
blue, yellow and dark blue corresponding to -1, 2.27 and -2.27, 
respectively. The radius of the Hadamard ring is an = 0.248 
^m, while that of the other rings is as = 0.266 /^m. 

same, and the coin states \<j)i) and \<j)2) are rotated into 
\(f)2) E^J^d respectively. Hence, such a ring will be 

able to transform the two inputs into the superposition 
of the basis states {\<j)\) and |(/'2)) with the same weights. 

This ring can also be used for the same purpose as 
the two-terminal rings mentioned in the previous section. 
Fig.[3]shows the functional unit of the scheme. The colors 
of the rings denote the value of the SOI strength, which 
together with the appropriate radius of the ring, guaran- 
tee that no reflection occurs at the inputs. The advan- 
tage of using this symmetric three-terminal ring is that 
it has the same size as the step ring, providing a more 
symmetrical arrangement for the QW (see Fig. [5]) . Ad- 
ditionally, measuring currents at the junctions indicated 
by the short lines in Fig. [3l can be used for determin- 
ing the functionality of the device: No currents leave the 
network through these leads under ideal circumstances. 

V. THE PROPOSED SCHEME 

Our scheme uses several functional units as building 
blocks for the implementation of the QW on the line, 
thus actually it corresponds to a two-dimensional dis- 
placement of the walker (the electron). One spatial di- 
mension represents the 'line of the walk' along which the 
walk is realized, while the role of the other dimension is 
twofold. First it is necessary from the technical point 
of view, it is needed for the transformations (coin-toss, 
and step) to be made, but it is also related to the dis- 
crete time steps of the walk: the number of the functional 
units increases in this direction, according to the possible 
positions of the walker that completes increasing number 
of steps. In other words, the notion of time enters the 
otherwise time- independent scheme via this spatial direc- 
tion. 
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Step number: 12 3 



FIG. 4: (Color online) The geometry of the device for three 
steps. The colors and the radii of the rings are the same as in 
Fig. [3l The vertical dashed lines indicate where the discrete 
steps take place along the horizontal direction. The vertical 
direction corresponds to the 'line of the walk', along which the 
walk takes place. We have indicated in the vertical direction 
on the right hand side of the figure the discrete position states 
of the walker (the electron) on the line after three steps. 



ence lengths of 100 and 350 /im have been found in 
bulk GaAs5S and S& samples, respectively, the co- 
herence lengths of the orbital wave function are typi- 
cally two magnitudes shorter, even in modulation doped 
heterostructures, where the mobility is higher. In the 
case of InGaAs/InAlAs, the coherence lengths of the or- 
bital wave function are typically in the range of a few 
microns,'^'* which means a severe constrain for our QW 
scheme. On the other hand, there are samples, where 
transport is due to many channels in the ring^ for which 
our results are not directly applicable. It is beyond the 
scope of this paper to investigate in detail how phase de- 
stroying events affect the functionality of the proposed 
network, but preliminary results indicate that the func- 
tionality can tolerate moderate level of scattering induced 
errors, thus a few steps of the QW could be implemented. 

Our aim was to demonstrate the possibility of a scheme 
for the QW with semiconductor quantum rings. Further 
optimization on the number of rings, and the geometry 
of the network might be possible. 
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Fig. m shows a device capable of implementing three 
steps of a QW on the line with a Hadamard coin. The 
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crete position states of the walker (the electron) on the 
'line of the walk' after three steps. As the transmission 
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VI. CONCLUSION 

We have proposed a scheme for the implementation of 
the coined QW on the line, where the coin is the spin of 
the electron, quantum rings are used to realize the coin- 
toss and the step operations, and the shift of the electron 
in one spatial direction corresponds to the walk along the 
line. 

Let us note that our scheme is based on a one- 
dimensional model of quantum rings, that assumes sin- 
gle channel ballistic transport. Although spin coher- 
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Appendix 

For the sake of completeness we present the analytic 
expressions for the transmission matrices of one-input 
two- and three-terminal rings, in which Rashba SOI is 
present. These matrices are obtained by applying Grif- 
fith's boundary conditions'^ at the junctions between the 
incoming lead and the ring, and the outgoing lead(s) and 
the ring (see Fig.[T]), that is, requiring vanishing net spin 
current density at a certain junction, as well as the con- 
tinuity of the spinor valued wave functions. 

The transmission matrix of a two-terminal ring (see 
Fig. [T] without lead 2 and 71 — 7) is given by^ 

4ikaq f , 2 ^ , * ■ 2 ^\ 
Ttt = -e '2 /icos^ - + h* snr - , 

Tti = -e *2 sm - cos - (/i - /i ) , 

^ y 2 2^ 

nr = e^^^Tx, (14) 

^ Aikaq .2 /, . 2 ^ , * 2 ^\ 

Til = ihsm^- + h*cos^-j, 
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where 

h = e*^'' [sin {q {2tt - 7)) - e"™'^ sin (57)] , 

y = A:^a^[cos (2(7 (tt — 7)) — cos (2(77r)] + 4iA:a(7sin (2g7r) 

—4(7^ [cos (w-k) + cos (2(77r)] , 
9 = arctan (— w/ri) 



with ui = y'l+uj^/n^, and q = ^{uj/^f + Ba?. 

The transmission matrices of a totally symmetric (i.e. 
71 = 27r/3 and 72 = 47r/3) three-terminal ring, which is 
shown in Fig. [1] (with fx, J2 — 0) are given by^i^ 



(T'i)n 



— —e 3 

8kaq 



cos2-(/ii + /i2) + sin2-(/it - /i^] 



(T'On = ^e'-sin-cos-[(;ii+/i2)-(/it-/i2)] 

y 22 



(^i)iT 



iJTi' 



(15) 



8kaq 



sm^-{hi + /i2) + cos2-(/i* - /i;) 



(^2)iT 



(^i)u, 

-m)iT: 

-(ri)n: 

(^i)tt, 



(16) 



where 
hi - 

y = 



fcae*"'3 sin^ g 



27r 



-iq 

■„3 



An 



27r 



(17) 
,(18) 



e™*sin(^gyj-e-™-sinl q 

cos (wtt) + cos (2q7r)] — 12ikaq^ sin (2(77r) 
27r^ 



cos (2(77r) — cos ( q 



3 sin (7— 



27r 



sin (2g7r) 



(19) 



In order for such a ring to polarize a totally unpolar- 
ized input that is described by the density matrix g pro- 
portional to the identitiy, the output density operators 
Qn — Tng{Tn)'^ (n = 1, 2) need to be projectors 



(20) 



where the nonnegative numbers rj^ measure the efficiency 
of the polarizing device. Equation (^0)1 is equivalent to 
requiring the determinants of r„(T„)^^ to vanish. These 
determinants are equal, and zero if ± /12 = 0, which, 
using Eqs. (fTT]) and ^8]) can be formulated as 



cos [wit) = 2 cos q 



2tt 



2tt 



■I \ , . 

sm (wtt) = ± — sm 

q \ 3 
If we focus on the case when condition hi 



q- 



(21) 



(22) 
holds. 



then the transmission matrices have the simple form 



Ti 
T2 



e 3 cos 



e 3 



sm I cos I 
sin^ I 



* ^3" sin I cos I 
e 3 cos^ I 



(23a) 
, (23b) 



where c = 8kaqhi/y. In the above equations 6, and c are 
determined by the parameters [ka,Lu/fl\ calculated from 
the polarization condition given by Eq. ([6]). Using Eqs. 
P3|) . the polarized outputs can easily be determined 
as the eigenstates of the output density matrices Qn — 
^r„(r„)^ corresponding to the nonzero eigenvalues rjn- 
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